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ABSTRACT
We shall prove some stability property of the graded Lie algebra D;, of
certain derivations associated with pure sphere braid group on n strings;
in fact, that D, ~ Ds for n > 6. These Lie algebras D, are connected
with some big l-adic Galois representations, and the stability property is

related to some conjecture of Grothendieck.

Introduction

Let B,(n > 4) be the graded Lie algebra over Q associated with the lower
central series of the pure sphere braid group on n strings, and D, be the graded
Lie algebra over Q consisting of all “S,-invariant special” outer derivations of
B,. (see §1 below). This algebra D,, has drawn our attention in connection with
the action of the Galois group Gal(Q/Q) on the pro-l fundamental group of
P! —{0,1,00}. A certain basic Galois Lie algebra gV associated with this action
is contained in D,, ® Q for each n > 4 and each prime I ([5]§5). The structure
of B, was determined by T. Kohno [8] (see §1.1 below), but as for D,,, we know

much less. There are natural sequences of projections

- "pn e —*‘B5—"J34,

—Dp=s -+ D5 —Da,

in which the arrows B, —,,_, are surjective (with big kernels), while D, —»Dn_1

are injective [4] (cf. [7] for some generalizations), both for n > 5. The main
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purpose of this paper is to prove that D,,—»D,_, is bijective for n > 6. (This
gives an affirmative answer to the question “D5 = Do ?” raised in [5] (Q5.3.4(3)).)
Thus,

~ ~ ~
e _;Dn_; e —)D5"—’D4

(and DsPDy; see §1.2). It is an open question whether gl ~ D5 ® Q; and
(hence) Ds gives a common Q-structure for the l-adic Lie algebras g(". This
stability property may be regarded as a graded Lie algebra version, in the case
of genus 0, of a more general property of the “Teichmiiller Lego” predicted by
Grothendieck [2] (see also [5] §3.3, §5.3; [1] §4, especially a question raised a few
lines after the formula (4.13)).

The main results are: Main Theorem (§1.2), Theorem 1 (§2.4), Theorem 2 and
Proposition 9 (§4.2).

About the proofs. Since the injectivity of D,—D,_1(n > 5) was already
established [4], the question is the extendability of each element of D5 to that of
D, {(n > 6). The author obtained the first proof of the extendability by using
the action of the Grothendieck-Teichmiiller group GT(k) on B,(k) defined in
Drinfeld [1]. Here, k is some field of characteristic 0, By, is the plane braid group
on n strings, and B,(k) is a certain “k-nilpotent completion” associated with B,.
The graded Lie algebra of GT (k)(C GT(k)) is isomorphic to D5 ®k {compare our
Theorem 1 with [1] §§5, 6), and it can be checked that the above action induces
an “n-compatible” system of Lie algebra homomorphisms Ds—D, (n > 5).
This leads directly to the extendability. But in this proof, verifications of some
technical points are fairly involved and lengthy. We shall therefore choose another

way and give a proof which lies within the framework of graded Lie algebras.

1. Definitions and the statement of the main result

1.1 The graded Lie algebra B, over Q (n > 4) has the following presentation:
Generators  z;; (1<14,7 <n);
Relations (1) z;; =0 (1<i<n), z;==z; (1<4,5<n);

(i) Y @ij=0 (1<i<n)

i=1

(1) [zijyze} =0 i {g5}n{ki}=¢.
The grading deg(zij})=1 (1<) <n)
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We denote by gr™9,, the homogeneous part of B, of degree m (m > 1). It is
easy to see that z;j + zjr + x; commutes with z;;, &k, i; for any indices ¢, j, k,
and that

(1.1.1) zij = Z’xkz,

where the summation Y is over all indices k,! with k < [ and {k,{} N {7,5} = ¢.

The symmetric group S, acts on P,, via r;; = 24is; (0 € Sp), inducing a
linear action on gr™,, for each m.

When n = 4, one has, by (1.1.1), 212 = z34(:= z), 2235 = z14(:= y), T13 =
z24(:= z), with 2 + y + 2z = 0, and P, is a free Lie algebra on z,y. The group S
acts on B, through its quotient ~ S as substitutions of z,y, 2.

When n > §, B, is a successive extension of free graded Lie algebras of ranks
2,3,...,n — 2. To see this, let N; (1 <7 < n) denote the Lie subalgebra of 3,
generated by z,...,%in. Then ([4]; Prop 3.2.1, its proof and Prop 3.3.1) N;
is an tdeal, which is free of rank n — 2, being generated by any n — 2 members
among the z;; (1 < j < n,j # t). Moreover, B, /N; ~ PB,_,. Therefore, P,
is a successive extension of free graded Lie algebras (of ranks 2,3,...,n — 2).
In particular, it has trivial center. For each ¢,j (1 < 4,5 < n), ¢ # j, let Cj
denote the centralizer of z;; in B,,. Then (loc - cit) C;; is generated by x4 for
{k,}Nn{i,j} = ¢, and

(1.1.2) N;i+Cij =P,, NinCi=Qu; (Cg'P,).
In particular,
(1.1.3) g™ P, =gr"N; @ gr"Cij (m > 1).

This decomposition will be often used later.

1.2 A derivation of B, is a Q-linear endomorphism D of B, such that

D(ly,y') = [Dy,y'l + [y, Dy'] (v,¢' € B,,).

It is called special if for each ¢,7 (1 < ¢,5 < n) there exists some ¢;; € B,, such
that D(zi;) = [tij,=i;]. Special derivations of P, form a graded Lie algebra; the
degree m part consists of those D with t;; € gr™,, (all ¢,5), and [D,D'] :=
DoD' —D'oD. This algebra contains the inner derivations as homogeneous

ideal, and the quotient will be called the (graded Lie) algebra of special outer
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derivations. If D is a derivation of B, and ¢ € S, then 0 0 Do 0™ is again a
derivation. This D — ¢ o D oo ™! induces an Sp-action on the algebra of special
outer derivations. We define D, to be the graded Lie algebra over Q consisting
of all S,-invariant special outer derivations of B,,.

Now let n > 5. Then each special derivation D of B, leaves the kernel N,, =
(1, +»ZTn,n-1) of the projection P,, — P, _; defined by z;; — z;; (1 < 4,7 <
n — 1) stable, and hence D induces a special derivation D of B,,_,. This D — D
induces a homomorphism ¢, : D, — Dp_—;. We have shown [4] that ¢, is

injective (n > 5). The main goal of this note is to give a proof of:
MAIN THEOREM: %, is bijective for n > 6.
Thus, ¢, induces:
:)Dn:)~--:bD5‘—)D4.
Ihara-Terada and Drinfeld have independently verified that dimgr’Ds = 1 <
2 = dim gr' Dy ([1][6)).

Remark 1: It is easy to see that gr'Dy = (0). Therefore, gr'D, = (0) for all
n > 4, by the injectivity of ¥,. So, in the following study of gr™D,,, we can

restrict ourselves to the case m > 1.

2. The y-normalization; Dy and Ds

2.1 For each n > 4, we shall make use of the following set of elements y; = y.(")
of P;

n

i—1
(2.1.1) yi=) zj=— Y =z; (2<i<n-1).
i=1

j=i+1
Then, clearly, y2,. ..,y -1 are mutually commutative, y; = 212, Yyn—1 = —Zn—1,n,
and
(2.1.2) y2+ -+ yYn-1=0.

PROPOSITION 1:
(i) If z € gr™P,, (m > 1) commutes with all y; (2 <i<n—1), then z = 0;
(it) Each class of special derivations modulo inner derivations of B,, of degree

m > 1 contains a unique derivation D such that

(2.1.3) D(yz) ="+ = D(yn-1) = 0.
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Proof:

(i) Induction on n > 4. For n = 4, P, is free on z(= z13), y(= z23), and
Y2 = —y3 = z. But the centralizer of z in B, is Qz C gr'P,; hence this is valid
for n = 4. Now let n > 5 and assume that (i) is valid for n — 1. Let 2 € g™,
(m > 1) commute with y; = yf") (2 £ i £ n—1). Then, since the projection
of y,(") on B,_y =P, /Nnis y" ™V (2 < i < n—2), the induction assumption
implies that the projection of z on B, _; must vanish; hence z € N,. But since
z commutes also with yf:_’_)l = —ZTn—1,n, and N, is free on z25,...,Zn—1,n (and

moreover degz > 1), z must be 0.

(i1) The uniqueness is obvious by (i). As for the existence, we shall not need
the assumption m > 1. We proceed by induction. When n = 4, (ii) is obvious,
as Y2 = —Y3 = T12.

Now let n > 5 and assume that (ii) is valid for n — 1. Then, by using the
projection ,, — P, _; and the induction assumption, we see easily that a given
class (modulo inner derivations) contains such a derivation D’ that D'(y;) € Ny
(2 <i<n-2). As D' is special and yn—1 = —Zn—1,n, D'(Yn-1) = [t',yn-1]
with some t' € B,. As P, = Cn-1,n + Ny, we may assume t' € N,. Put
D = D'~Int(t') (Int(¢'): the inner derivation * + [t', ¥]). Then D(y,_;) = 0, and
ast' € N, and N, is an ideal, D(y;) € Np (2 <i < n—2). But since [yi,yn-1] = 0
and D(yn—1) = 0, we have [D(yi),yn-1] = 0. Therefore, D(y;) € Cn_1,n N Np.
As deg D(y;) > degy; = 1, we have D(y;) = 0 also for 2 < ¢ < n — 2. Therefore,
D satisfies the required property. |

A special derivation D of 9B, will be called y-normalized if it satisfies (2.1.3).
By Proposition 1 (and Remark 1), each element of D, is represented by a unique
y-normalized special derivation D. The corresponding element of D, will be
denoted by {D}. Note that if D, D’ are y-normalized, then so is [D, D']. Thus,
D,, is isomorphic to the algebra of all those y-normalized special derivations of
B,, that are S,-invariant modulo inner derivations.

As a representative modulo inner derivations for each element of D,,, we may
also choose an S, -invariant derivation (which is unique only up to inner deriva-
tions w.r.t. Sp-invariant elements of §3,,). But it seems that the y-normalized

representative is more useful for our present purpose.

2.2 THE CASE n = 4. Recall that B, is free on £ = 212 = 234 and y = x23 =

zyy,and z+y+ 2 =0 for z = z13 = T24.
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PROPOSITION 2:
(i) gr'Ds =(0).
(ii) Form > 1, let f = f(z,y) run over all elements of gr™P, satisfying

(2.2.1) f(z,y) + fly,2) =0,
(222) [y,f(z, y)] + [z’ f(.’l,', z)] =0,

and for each such f, call Dy = Df;) the derivation of B, defined by

(223) Df(x) =0, Df(y) = [ya f(z, y)]

Then Dy is a y-normalized special derivation of ‘B, of degree m which is
Sy-invariant modulo inner derivations, and f — {Dy} gives a Q-module
isomorphism between the space of all f € gr™P, satisfying (2.2.1) and
(2.2.2) and the space gr™Dy.

(i) From (2.2.1) and (2.2.2) follows the 3-cycle relation in P:

(2'2'4) f(:c,y)+f(y,z)+f(z,z) =0,

(iv) [Df,Dg] = Dygn, with f* ={f, f'| + Ds(f') = Dy (f).

Proof: As these are essentially known ([1], [3], [4]), we shall only sketch the
proof. Let m > 1 and {D} € gr™D,, with D: y-normalized. Then D(z) = 0,
D(y) = [y, f] and D(z) = [z,g], with some f,g € gr™P,. Asz+y+2=0, we

have

(2.2.5) [v, ] +[2,9] = 0.

Now Sy acts on P, via its quotient ~ Sy as substitutions of z,y,2, and D is

Ss-invariant modulo inner derivations. Hence
(2.2.6) ocDs™! — D = Inta(o)

with some a(0) € gr™P, for each substitution ¢ of z,y, 2.

First, take 0: £ — z, y « z. Then the derivation (2.2.6) applied to z gives
[a(o),z] = 0; hence a(0) = 0 (as m > 1). Therefore, (2.2.6) applied to y gives
[y,09 — f] = 0; hence g = o(f). This, together with (2.2.5), gives (2.2.2). Now
take 0: & y, z — z. Then (2.2.6) gives a{0) = f(z,y) = —f(y,x); hence
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(2.2.1). Conversely, if f satisfies (2.2.1) (2.2.2), Dy is obviously y-normalized,
special, and Sy-invariant modulo inner derivations. This settles (ii).

(iii) From (2.2.2), we obtain by changing variables:

(2:2.7) [z, f(y, 2)] + [z, f(y, z)] = 0.

By substracting (2.2.7) from (2.2.2) and using (2.2.1), we obtain

[z 4y, f(z,9) + f(y,2) + f(z,2)] = 0

hence (2.2.4).
(i) and (iv): Straightforward. |

2.3 Before proceeding to the case n = 5, we need:

ProposITION 3: If 1 < 4,5,k 0l < n, {1,7} N {k,I} = ¢ and z € PB,,, then
(zij(z k1, 2]] = O holds if and only if 2 € C;; + Cry.

Proof: First, we note that [z;j,zxi] = 0 and hence [zi;j{z11, 2]] = [zuilzij, 2]]-
Now the “if” implication is obvious. To prove the other, assume [zi;[zk, 2]] =0
and decompose z as z = n; + ¢;; (n; € N, ¢ij € Ci;). By the assumption on
z, [.’EH,Z] € C,'j. AISO, clearly, [I:H,C,'j] € C,‘j. Therefore, [:ckl,n,-] € C,'J'. But
N; being an ideal, [z4,ni] € N;. Therefore, [zx1,ni] = 0 by (1.1.3). Therefore,
n; € Cki. Therefore, z = n; + ¢;j € Cr + Cij. ]

2.4 THE CASE n = 5. In this section, we shall prove the “only if” implication
of the following

THEOREM 1: * Let f € gr™P, and {D?)} € gr™Dy be as in Proposition 2.
Then {D(;)} belongs to the image of ys: Ds — Dy if and only if f satisfies the

following 5-cycle relation in By
(2.4.1) f(z12,223) + f(234,745) + f(zs1,212) + f(%23,%34) + f(Tas,251) = 0.

Here, in general, for any Lie algebra £ over Q and a,b € £, f(a,b) denotes the
image of f under the Lie homomorphism B, — £ defined by £ — a, y — b.

The “if” implication in Theorem 1 will be proved in §4.

* This theorem was obtained in 1988 and was used by Terada to check that some
element of gr’D; is not extendable to gr’ Ds.
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Proof of the “only if” implication: Suppose that there exists {D} € gr™Ds
(m > 1), with D: y-normalized, such that s{D} = {D(;)}. As y2 = 219,

Y3 = T13 + T3 and y4 = —x45, We have

D(z12) = D(z13 + z23) = D(z45) = 0.
[Claim] D(z23) = [x23, f(=12, 723)].

Indeed, put D(z23) = [z23,%23], t2s € gr™Ps. Since [z23,z45] = 0 and D(z45) =
0, [D(z23),245] = 0; hence t;3 € Cq3 + Cys, by Proposition 3. Thus, we
may assume lp3 € Cy5 = (12,223,213) (the Lie subalgebra of B, generated
by z12,%23,213 ). As m > 1 and z12 + 723 + 213 = 245 is central in Cys,
t23 € (z12,223). But since {D} extends {D(;)}, D must extend D(;), and hence
the image of t33 on P, ~ P5 /N5 must be f. Therefore, t23 = f(z12,23), whence
the claim.
Now for each o € Ss,
0Do™! — D = Inta(o)

with a unique a(o) € gr™PB;, and o — a0) is a 1-cocyle;
a(or) = a(o) + oa(r) (o,7 € Ss).

Put ¢ = (15)(24), 6 = (13524), p = €0 é = (13)(45). Then, as ¢ maps as

Y2 +> —Ys, Y3 & —y3, we have a(e) = 0 by Proposition 1. As for p,p maps as

1

T1a & T3, 45 — T45; hence pDp~! — D = Int a(p) maps as:

t12 — plr2s, f(z12,223)] = [T12, f(T23,212)], T45 — 0.

Therefore, Int a(p) coincides with Int f(z12,z23) on y2 and y4 (and hence also
on y3 = —y2 — Y ), and hence they coincide with each other by Proposition 1(i).

Therefore,

“(P) = f(xl% 1023).
Therefore, a(p) = a(ed) = a(e) + ¢ - a(8) = ea(8); hence a(8) = 7 'a(p) =
€7 f(z12,223) = f(T45,734). Now since a(a) is a 1-cocycle and °* = 1, we have

(1 + 6 + 52 + 63 + 54)f(1'45,$34) =0.

The desired formula (2.4.1) follows directly from this by using (2.2.1). |
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3. More on 3- and 5-cycle relations
3.1 In order to be able to use the 5-cycle relation (2.4.1) fully, we need to

understand the algebraic structure of the subset {z12,23,...,251} of Ps.

We shall prove:
PROPOSITION 4: The Lie algebra Py is generated by w; = z;i41 (1 € Z/5 =
{1,2,...,5}), and the defining relations among the w; are:
(3.1.1) [wi,wj]=0 if i—j# £l (mod35),
(3.1.2) ) lwi, wiga] =0.

For any Lie algebra £ over Q and a; € L (i € Z/5), we say that the a;’s form

an admissible pentagon

a
as az

a4 as

if (3.1.1) and (3.1.2) are satisfied for the a; in place of the w;. Note that if {a;}

forms an admissible pentagon then so does {a_;}.
COROLLARY 1: There exists a Lie homomorphism ¢: Bs—L such that p(w;) =
a; (1 € Z/5) if and only if {a;}icz/5 forms an admissible pentagon.

COROLLARY 2: If f(z,y) € P, satisfies the 5-cycle relation (2.4.1), and {a;}iez/s

forms an admissible pentagon, then
E f(a;,a,-“) = 0
i€Z[5

Proof of Proposition 4:

(i): That B is generated by the w;. This is clear by the formula (a special case
of (1.1.1))

(3.1.3) Tii42 = Tigd,itd — Tijit1 — Tigl,i4+2

(i € Z/5).
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(i1) That the w;’s satisfy (3.1.1) and (3.1.2): (3.1.1) is obvious, and (3.1.2)

follows directly from
[€45 — T12 — T23, T51 — Ta3 — T34] = [T13,224) = 0.

(i) That(3.1.1) and (3.1.2) are the fundamental relations: Since dim gr!' P = 5,
we only need to show that the quadratic relations {zij,zx] = 0 ({3,7} N
{k,1} = ¢) follow from (3.1.1) and (3.1.2). When either i — j = %1 or
k—1= £1 (mod 5), this relation follows directly from (3.1.1) (using (3.1.3)
as definition of z;; = z;; when i—j = £2). Wheni—j = £2 and k-1 = £2,

wemay assume k =i+ 1, j=i+2, [ =i+ 3, so that

Tij = Ti43,i+4 — Ti,i+1 — Ti41,i42,

Tkl = Tii+d — Ti41,i4+2 — Tit42,i4+3.
In this case, [zij,zki] = 0 follows from (3.1.1) and (3.1.2). |

3.2 Let f = f(z,y) € gr™P, (m > 1), £ be any Lie algebra over Q, and
a,bcec L.

PROPOSITION 5:
(i) If ¢ commutes with a and b, then f(a,b) = f(a + ¢,b) = f(a,b+ ¢c);

(i1) If f satisfies (2.2.2) (resp. (2.2.4)) and a+ b+ ¢ commutes with a,b,c, then

[6, f(a,B)] +[c, f(a,c)] =0
(resp. f(a,b) + f(b,¢) + f(c,a) =0).
Proof:

(i) Clear,as m > 1.

(i) If a+b+c = 0, then this is obvious. The point is that we only need a+b+c
to be commutative with a,b,c. To see this, let B* be the Lie algebra over
Q generated by £,7,( with the defining relation: £ + 9 + { commutes with
£,1,¢. Then PB*/Q-(€ + 1+ )Py, and f(€,n) + f(n,0) + F((,€) end
[, F(&,M] + (¢, f(€,)] have 0 as their images on B,. But since deg f > 1,
they themselves must be 0. The rest is obvious. ]

We shall say that a,b,c form an admissible triangle if a + b 4+ ¢ commutes
with q, b, c.
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3.3 PROPOSITION 6: Let A, B,C,a,b,c be six elements of a Lie algebra L over
Q satisfying
(i) [4,a] =[B,b] =[C,c] =0,
(ii) each of {A,B,c},{A,b,C},{a, B,C} is an admissible triangle.
Then
A

(3.3.1) B+C+a B

A+B+c a
is an admissible pentagon, and so is any Si-transform of (3.3.1) obtained by

interchanging the ordered pairs (A, a), (B, b),(C,c).

Proof: Since the assumptions on A, B,C, a,b,c are S3-symmetric, it suffices to
show that (3.3.1) is admissible. First it is clear that the elements corresponding

to non-adjacent vertices commute with each other. Secondly,
[B,a] +[a,A+B+c]+[A+B+¢,B+C +ad]

+ [B+ C +a, A} + [A, B]

=[a,c]+[A+¢c,C+a]+[C+a,A=0. 1§
PROPOSITION 7: Let A,B,C,a,b,c € L satisfy, in addition to the conditions (i)
and (ii) of Proposition 6,
(iii) {a,b,c} is an admissible triangle.
Then, for any f € gr™P, (m > 1) satisfying the 2,3,5-cycle relations (2.2.1),
(2.2.4), and (2.4.1),
(3.3.2) f(4,B)+ f(B,C)+ f(C,4)

=f(A+bB+a)+ f(B+¢,C+b)+ f(C+a,A+c).
Proof: Use the admissible pentagon
B

(3.3.3) A+C+b A

A+B+c b
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(obtained from (3.3.1) by the transposition {4, a}«{B,b}) and Proposition 5 (i)
for AoB + ¢, C + 5, and (2.2.1}, to derive:

(3.34) f(A,B)+ f(C+b,B+c)= f(A+C+b,B)+ f(b,A+ B+c)+ f(A,b).

By Proposition 5 (ii) applied to the admissible triangle {4, b, C}, and by (2.2.1),
we obtain

(3.3.5) F(C, A) + f(A,b) = £(C,b).

Also,
B

i 0
B —

(336)  f(B,C)+ f(C,b)+ f(b,B+C +a)
+f(B+C+a,C+A+b)+ f(C+A+bB)=0.

is admissible; hence

By adding both sides of (3.3.4)~(3.3.6) we obtain

f(A,B) + f(B,C) + f(C, 4)
=f(B+¢,C+b)+ f(b,A+B+c)+ f(B+C +a,b)
+f(A+C+b,B+C+a)

But the sum of the second and the third terms on the RHS
=f(b,A+c)+ f(C+a,b)= f(C +a,A+0),

because {b, A + ¢,C + a} is an admissible triangle (by (i)~(iii)). Finally, as C
commutes with A + b and B + ¢, C can be dropped off from the last term on the
RHS. |

3.4 The above Propositions 5, 6, 7 will be applied later to the following case.
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PROPOSITION 8: Let M be a non-empty subset of {1,2,...,n}, and i,j,k be
distinct indices from {1,...,n} not belonging to M. Put

Tim = Z Tim,
meM

and define zjum, 2xym similarly. Then the system

(3.4.1)

a==zjr, b==zki, c=uzj

{A =ziM, B=zjm, C=umm,

in 'B,, satisfies the conditions (i)(ii) of Proposition 6 and (iii) of Proposition 7.
In particular, if f € gr™P, (m > 1) satisfies the 2,3,5 cycle relations, then f
satisfies (3.3.2) and also

(34.2) f(A,B)+ f(B,a)+ f(a,A+B+c)+ f(A+B+¢,B+C +a)
+ f(B+C+a,A)=0.
Proof: We only note that
B+c=-zjm, A+B= Z (Zim + Zjm),
meM

M’ being the complement of M U {i} in {1,---,n}. These make it clear that
B + ¢ commutes with A = z;) and that ¢ = z;; commutes with A + B, and

hence that {A, B,c} forms an admissible triangle. The rest is obvious. |

4. Extendability

4.1 Now let m > 1 and f = f(z,y) € gr™P, satisfy (2.2.1), (2.2.2), and
(2.2.4)(in B,) and (2.4.1) (in Ps):

(2.2.1) f(z,y) + f(y,2) =0,

(2.2.2) [y, f(z,9)] + [z, f(z,2)] =0,

(2.2.4) f(z,y) + f(y,2) + f(z,2) =0,

(2.4.1) Y f@iir1,Tigris) = 0.
i€Z/5

Let D(;) be the derivation of B, defined in Proposition 2. Our goal is to show
that for each n > 5, {D;”} extends to an element {D(f") } of D,. (Recall that
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(2.4.1) is a necessary condition for the extendability of {D(;)} to D5 (§2.4).) We
can write down the formula for D(f") explicitly (see Theorem 2 and Proposition 9
below), but to prove that this formula really gives a well-defined derivation, etc.,
it is technically easier to construct first the corresponding 1-cocycle ag(o) with

respect to the Sy-action on gr™,,, connected to D(f") by the formula
oDWe= — D™ = Intas(s) (o€ Sa)
! ! f nr

We begin with this construction.
For each i (1 €1 < n —1), call o; the transposition ¢; = (1,7 + 1) € S.

KEY LEMMA: There exists a unique I-cocycle Sp — g™, (o0 — ag(o)) such
that

ag(o1) =af(on-1) =0,

ag(0i) = f(yi,yi+1 — Tij41) (2<i<n-2).
Proof: Since the o;’s generate Sy, such a 1-cocycle is unique if exists at all. The
existence relies heavily on the conditions (2.2.1), (2.2.4), and (2.4.1) satisfied by
f, as we shall see.

As S, is generated by the ¢;’s and the fundamental relations are

aid; = 0;0; (Il -—]l > 1),
0i0i410i = 0i310i0i41 (1<i<n-2),

oi=1 (1<i<n-1),
it suffices to prove the following (i)~(iii):

(@) as(oi) is gj-invariant if |i —j| > 1,
(ii) as(0i) + oias(0it1) + oivip1a4(0i)

=af(0i+1) + 0it185(0i) + oipr10iag(0ir1) (1<i<n-2),
(i) (1+o0i)ag(oi) =0 (1<is<n-1)

Proof of (i): Hfj <i—1orj >i+1, then o; leaves y;, yiy1 and z; i+, invariant;

hence o; also leaves af(0;) = f(yi, ¥i+1 — %i,i+1) invariant.

Proof of (ii): K wewritej=i+1,k=i+2and M = {1,2,...,i — 1}, then
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(with the notation of Proposition 8),

LHS of (ii) =f(yi,¥i+1 — Tii+1) + F(¥i + Tijit1, Yiv2 — Tijit2)
+ f(Yit1 — Ti i1, Vidz — Tiji+z — Tit1,i+2)
=f(zim,yjm) + f(zim + zijy Tem + zjk) + f(zjm, Tem)
—f(A,B) + f(A+¢,C +a) + f(B,C),
and
RHS of (i) =f(yi+1, Vi+z — Tit1,i+2) + F(¥ir Vitz — Tijidz — Tiv1,i42)
+ (Y + Tiia Yit1 — Tiib1 + Tigti2)
=f(z;m+zij, sam+eri) + f(zim, zem) + f(ziv+ari, Tjm+aji)
=f(B +¢,C+b)+ f(A,C)+ f(A+b,B +a).
Therefore, they are equal by Propositions 7, 8.
Proof of (iii): (1+0i)a(0:) = f(yi, Yi+1 — Tiji41) + f(¥i1 = Tiit1,%) = 0. 8

4.2 Consider the subgroup Sz x Sz C Sy generated by 0; (1 <i<n-—-1,i #
2). Let f, ag(o) be as in §4.1. Then

af(a) €Cy; for o€ 857 xSn-a.

Indeed, af(o;) € Ciz for i # 2 (as y;,Zii41 € Ci for ¢ > 3), and C)3 is
(S2 X Sn—2)-stable. Therefore, if 1 <7,j < n (i # j), and 0 € S, is such that
a(1) = 1, 6(2) = j, then ag(c) mod Cj; is independent of the choice of ¢. Call
this class fi;. Our goal is to prove:

THEOREM 2: The notation being as above, D(f"): zij = [zij, fi;] (1 £4,5 £
n,i # j) defines a y-normalized special derivation of B,, which extends the deriva-
tion D(;) of B, and which satisfies

aDPo™! - D =Inta(0) (v € Su)

First, we shall prove:

PROPOSITION 9: Ifi < j, then

Jj-1 -1

(421)  fii = flyizi)+ Y flu ) ox;) (mod Cyj) (y1 =0).

I=i+1 k=1
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Proof:
(i) The case j =i+ 1. We shall prove
(4.2.2) fiit1 = f(yi, ziji4r) (mod Cijiz1)

by induction on i. If ¢ = 1, both sides are 0. Assume (4.2.2) for some i < n — 2.
Then, as 0;0:41 maps i,i + 1 to i + 1,1 + 2 respectively,
fitri+2 = ¢(0igit1) + (0i0i1) fisin
= a(0;) + 0ia(0i41) + (0i0it1) fiin
= f(yi, Yi+1 = ZTijit1) + f(¥i + Tijit1, Yiez — Tisiv2)
+ f(Yi+1r — Zijit1, Tit1,it2)
(mod Ci41,i+2). Therefore,
firrir2 = f(A,B) + f(A+¢,C + a) + f(B, a)
= f(A,B)+ f(A+ B+ ¢,B+C +a)+ f(B,a),
where A = z;p, B = ziy1,M, C = Tigo, M, & = Tig1,it2, b = Tiiya, € = Tiis,
with M = {1,...,i = 1}. But
A

B+C+a B

A+B+c a
is admissible (Propositions 6, 8); hence

firris2= f(A+ B+ c,a)+ f(A,B+C+a)
= f(B+c¢,a)+ f(A,B+C)
= f(B + c,a) (mod Cit,it2)

= f(yi+1, Titr,i+2) (mod Ciyy,it2),

because A and B + C commutes with @ = z;4,i+2. This settles the case (i).
(i) The general case j > i+ 1. Induction on j. Apply o; on (4.2.1) to get

j-1 -1
fig = ag(05) = flyi,zijn) + Y Fu, Y ohj41) (modCy i),

I=i+1 k=1

which gives

j -1

it = fgizige) + Y fwn Y zein). B

I=i+1 k=1
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4.3 PROOF OF THEOREM 2

(I) That D(f") : zij — [zij, fij] defines a derivation of PB,. To prove this, it

suffices to check:

@) fij = fji (modCij),
i=1
(iii) fiij—fu€Cij+Cu if {i,j}n{kl}=¢

(cf. Proposition 3).
Proofs of (i), (i), and (iii):
(i) ag(001) = ag(0) + oag(01) = ag(o) for any o € S,,.
(ii) For each j > 2,
j-1 j-1

S = Z[I.'j, fijl = z[zijaf(yi’zfj)]

i=1 i=1

j=1 j=1 -1
+30) loi o Y 7))
§=1 I=i+1 k=1

By changing the order of summation in the second term on the RHS, we obtain

j—1 -1 -1
Sj= Y _Alaiy Flun i)} + (3 2k, fun Y 2]}
1=2 k=1 k=1

But since 25,y and 22;11 zi; form an admissible triangle, each summand in the
above expression for S; must be 0 by Proposition 5 (ii). Therefore, S; = 0.
In particular, for j = n,

Z[zun, fvn] =0.

v¥En
Now let j be any index (1 < 7 < n) and o € S, be such that g(n) = j. Then
0 fun = fuj — as(0) (modCy;), where p = o(v), and 3, z,; = 0; hence

E[x}lj’ fl‘J] =0.

B#j

This settles (ii).
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(iii) It suffices to prove this for one choice of a quadruple {s,j,k,l}. This is
because S, acts transitively on such quadruples and

foiej = 0fij + ag(o) mod Coij,
fak,al = Ufkl + aj(a) mod ka,ob

Choose {i,7} = {1,2}, {k,1} = {n — 1,n}. Then fi2 =0 (mod Cy;) (obvious),
and fp—1,n = 0 (mod Cp_1,n) by Proposition 9 (because yp—1 = —Zn—1,n)-
Therefore, f1,2 — fa-1,n € C12 + Ca-1,n-
Therefore, D(f") defines a derivation of PB,,, which is obviously special. Write
D=D{.
(I) Since we have shown above that S; =0, we have D(y;) =0(2<j <n-1).
Therefore, D is y-normalized.
(ITI) For each k,I (1 < k,I < n), k # I, choose 71y € S, which map 1,2 to
k,l respectively. Then D(zxi) = [zi1,a5(Tri)]. Foreachi: (1 <i<n—
1), consider the derivation ;Do — D of *B,. Then this maps zx to
[211,0i(ag(07 ™)) — ag(7ar)] = [ort, —as(0:)] = [ag(0i), zai), for any k1.
Therefore, 0; Do} 1 _D=1Inta £(oi).
(IV) Finally, since D(x23) = [z23,23] = [T23, f(y2,z23)] = [z23, f(212,%23)), and
D(z12) = 0, D extends D(;). |

4.4 From Theorem 2, the “if” implication of Theorem 1, as well as the Main

Theorem (§1.2), follow immediately.

Remark: Drinfeld shows, in a slightly different language (plane braids on 4
strings instead of sphere braids on 5 strings) that (2.2.2) follows from (2.2.1),
(2.2.4), and (2.4.1) (see [1] §5 (Proposition 5.7)).
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